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Abstract

This report is a companion to “Homogeneous Second-Order Descent Framework: A Fast
Alternative to Newton-Type Methods” [3]. In this report, we show how to allow inexactness
in the subproblems.
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1 Introduction

Recently, Zhang et al. [7] proposed a homogeneous second-order descent method (HSODM)
unconstrained smooth optimization problem min f(x). The method is inspired by the classic
trick in quadratic programming [6, 5, 2]. In theirmmethod, the iterates are constructed by solving
the Ordinary Homogeneous Model (OHM)

”[m]i&l@bk(v,t; Fy) := [v;t]T Fy[v; ] with the aggregated matrix F}, :=
vit] ]| <

Hy  gx
, (1.1
g 51

where variables v € R™,¢t € R and § < 0 is a prescribed parameter. The method sets the con-
trol term ¢ such that the [v; t] corresponds to the leftmost eigenvector of the aggregated matrix
F},. Then the HSODM undergoes a simple strategy to find a step size 7y, e.g., by a line-search
method, and updates the iterate as 511 = . + nr(vk/tr) using the direction [vy; tx] gener-
ated by OHM. A specialized Lanczos method is used to solve the subproblem based on OHM.
Combining with a line-search strategy for 7y, the original HSODM needs O(n’e~3/2) (exact
eigenvalues) and O(n?e~7/*) (inexact eigenvalues) arithmetic operations to find second-order
stationary points nonconvex problems.

In He et al. 3], we extend the idea of homogenization and introduce the Generalized Homoge-
neous Model (GHM)

Hy, br (k)

i t: Fy) := [v;t]T Filost ith Fy :=
min 1/)k(v, k) [U } k[v ] Wi k ¢k(xk>T (5k

llfost]ll <1

] , 0, €R, (1.2)

albeit now ¢y, is allowed for some adaptiveness. Furthermore, we introduce the transformation
¢ : R™ — R™ in place of the gradient g;. We show this flexibility facilitates a machinery to
realize other second-order methods and, more importantly, a general homogeneous framework
in which new algorithms can be designed.

The purpose of this note is to show how to allow inexactness in GHMs when implementing an
inexact adaptive HSODM, to complement the convergence analysis in He et al. [3, Algorithm
2].

Notations We introduce the notations used throughout the paper. Denote the standard Eu-
clidean norm in space R™ by | - ||. Let B(z.,r) denote the ball whose center is z. and radius
isr, ie., B(ze,r) = {z € R" | |l — x| < r}. For a matrix A € R™*", || A|| represents the
induced £, norm. Let A* denote the pseudo-inverse of the matrix A. We let Py be the orthogo-
nal projection operator onto a space, where X C R"™. We use mod to denote the binary modulo
operation. We say a vector y is orthogonal to a subspace S, i.e. y L S if for any nonzero vector
ue S, uly=0.

Next, we introduce the following notations for eigenvalues of Hessian Hy. At an iterate of the
algorithm xj, we assume Hy has d (1 < d < n) distinct eigenvalues {\1(Hy), ..., \a(H%)}



where A\ (Hy) < ... < A\g(Hy) and S;(Hy), ..., Sq(Hy,) are subspaces spanned by corresponding
eigenvectors. We sometimes use Apin, Amax as Synonyms for A; and A4, respectively. We denote
the condition number of Hy, as k(H}) = ;\\fgg:g .
restricted at the iterate z;, only, we sometimes drop the index & for simplicity.

Since the discussion on eigenvalues is mostly

2 Basic Results

We present the basic results for homogeneous systems. Most materials are covered in Zhang
et al. [7] and He et al. [3]. We first present the properties if the eigenvalue is computed ex-
actly.

Lemma 2.1 (Optimality condition). [vy;¢x] is the optimal solution of the subproblem (1.2) if and
only if there exists a dual variable 0;, > 0 such that

H i
g +§’“ o =0, 2.1)
o O + O
H, O -1
* +Tk o Y=o, (2.2)
Pr Ok + 0| |tk
Or - (||[vx; ta]l| = 1) = 0. (2.3)

The following Lemma describes the upper bound for 6y,.

Lemma 2.2 (Upper bound of ). In GHM, it holds that:

Or < max{—dk, —A1(Hy), 0} + [|or(2)]. (2.4)
Next, we move to the case where ¢;, = 0. Let us recall the following lemmas on the spectrum of
Fy if ¢y L Sy (Hy).
Lemma 2.3 (Lemma 3.1, 3.2, Rojas et al. [4]). Forany q € S;(Hy),1 < j < d, define

p; = = (Hy = N (H)D)" 6x, &; = Aj(Hy) — oy,

then
(@) (\;(Hy),[0;q]) is an eigenpair of F}, if and only if ¢, L S;(Hy,).
(b) (\j(Hg),[1;p,]) is an eigenpair of Fy, if and only if ¢, L S;(Hy) and 6y, = &;.

In He et al. [3], we introduce the concept of auxiliary functions to facilitate the discussion of
homogeneous algorithms. These functions are defined as the following.



Definition 2.1 (Auxiliary functions of d;.). At each iterate x, consider the GHM with ¢y, and let
vy, t1, be the corresponding solution. A, < oo is an upper bound for the step.

ve/tel|? if Sp<é
Ak ‘R — R+, Ak(ék) = [k/ kll f F !
A oW,
Wi R— R+, wk((sk) = 9%
hk- R~ R+, hk(§k) = —
He et al. [3] show that for ¢ # 0, 0, wy, are decreasingly convex and continuous for all 5 € R.

If further ¢;, # 0, 0y, is differentiable such that %k@k =
for all 5 € R. This implies the following result.

1 . .
— AT Furthermore, A, is continuous

Lemma2.4. If ¢, L S1(Hy), hi(9) is discontinuous at 6 ; otherwise, hy,(0) is continuous. More-
over, hi(9) is differentiable in 0 is monotone decreasing.

Based on these results, we can design a bisection procedure to find the some ¢y, to locate hy, at
some interval.

2.1 Using inexact eigenvalues

When using inexact eigenvalues, all mentioned quantities
(O, vk, tey i)

are in approximate form to some extent. Under the Lanczos method, we denote 7, [0; fk} as
Ritz pair that approximates leftmost eigen pair. The Lanczos method is terminated when the
error tolerance ey, := 0), — -y, is sufficiently small, e.g., e;, < O(y/€). The following lemma from
Zhang et al. [7] describes the approximate optimal condition.

Lemma 2.5 (Approximate Optimal Conditions). Ifthe Lanczos method is used to solve (3.3) such
that e, := 0, — ~yi, then

Hyby, + dti + bk = i (2.52)
OF Ok + Okle + Vule = o% (2.5b)
Fio+ (v +e)l =0 (2.50)
[Or; ) L [rison), (2.5d)

where [r; o] are the Ritz error.

We first discuss the case 7, # 0, as an analog of the hard case is identified if it = 0 When
the subproblem is solved inexactly, the knowledge of the exact pair (6y, [vx; tx]) is not present.



Hence both the auxiliary function hy(dx) and model function my(d) can only be approximated
in terms of v, [0y; £]. These can be defined as the following:

2
]Alk((sk) = (ﬁ) , with dAk = f}k/fk, (2.6)
||l
and the cubic model as
- IR TRV \/ﬁ’“((sk) e
g (di) = f(zk) + ¢ di + §(dk) Hydy, + 3 lldi|I°- 2.7)

3 Global Convergence Analysis
Following [3], we present the complexity analysis of an inexact adaptive HSODM to find an
e-approximate second-order stationary point defined as follows.

Definition 3.1. A point z is called an e-approximate second-order stationary points if it satisfies
the following conditions.

V()] < O(e) (3.1a)
A(VPf(2) = Q(—Ve). (3.1b)

In addition, we consider a broad class of objective functions satisfying the second-order Lips-
chitz continuity.

Definition 3.2. We call a function f has M-Lipschitz continuous Hessian if for all z,y € R",

IV2f(2) = V2f ()l < Ml —yll. (32)

Now we are ready to present the adaptive HSODM for second-order Lipschitz continuous func-
tions in Algorithm 1.

We further make the following assumption on function ¢ () at every iterate z;, in GHMs.

Assumption 3.1. Suppose that there exists a uniform constant ¢4 > 0. Given an iterate j, € R",
ifty # 0, then
ok (zr) = grll < <slldill? (3.4)

where dj, = O, /T,
We present the following stopping criterion to terminate a subproblem solver.

Condition 3.1 (Inexactness of the subproblem). Suppose that (3.3) is solved by the Lanczos
method at a prefixed error tolerance e, < O(e'/?). The Lanczos method is terminated if the fol-



Algorithm 1: The Adaptive HSODM

1 Initial point zo € R", 6o € R, I, = R, hmin > 0, parameter 0 < ¢1 < 12 < 1,
t1>1,3>212>1,0< s <1,0 >0;

2 fork=0,1,2,... do

3 Ok = gk, Ok,0 = Op—1

4 forj =0,1,...,7; do

5 Obtain the solution pair (&, ;, [0x.;; fk.;]) of the subproblem
Tk
min v k T Pri | |V (3.3)
Ivstlll<1 [ ¢ (¢k,j) (5}€’]’ t
6 if i, ; = 0 then // check hard case, see Section 3.3
7 Go to Algorithm 2
s Break
9 end
R . . 2
10 Set di,j = Ok,j/th,j> hie(Ok,5) == (%,j/l\dk,jll) ;
1 if 4/ fzk(dk) € Iy, within tolerance o then
12 Set C[k = (ik,]', O = 5k,j
13 Break
14 end
15 Update 0, ;;
16 end
17 Compute
pre 1= f (= +Cik) = flxx) .
my(di) — f(zx)
18 if pi, > 12 then // very successful iteration
19 I, = |max {\/hmiru L4\/}Alk((5k)} s \/ﬁk(ék)} , Thtl = Tk + dAk
20 if 11 < pi _S 72 then // successful iteration
21 I = ﬁk(fsk)/bhbz Bk(ék):|, Thy1 = Tk + d
22 else ) // unsuccessful iteration
23 I, = LQ\/iLk(dk)7L3\/i74k(5k):|, Tyl = Tk
24 end )
25 end
lowing conditions hold:
on + (Hi 4\ ha(66) | di | D ]| < <[l d|? (3.5a)

Y+ 0k >0 (3.5b)

\/mndAk” 2> €. (3.5¢)



Note that the inexact conditions above will be satisfied gradually as the Krylov subspace evolves.
Here ¢, can be set as any positive constant, which measures the relative error of the first-order
optimality condition in a similar manner to the conditions imposed in inexact Newton methods
[1]. The condition (3.5b) requires that the Ritz value is at least as good as J;. Such a require-
ment is discussed in [7], by using a skewed randomized initialization in the Lanczos method.
While we propose the last condition (3.5c), it is only required for convergence to second-order
stationarity, which may be violated at the beginning of the algorithm.

Establishing the convergence of such inexact variant of [3, Algorithm 2] induces a set of key
questions:

(a) How the inexactness propagates the descent lemmas.

(b) How to perform a valid bisection using / (§) instead of h, with the same O(log(1/c)) con-
vergence rate;

(¢) How the perturbation idea works under inexact solutions as a correspondence to [3, Algo-
rithm 3]

These questions will be answered in order in the following subsections.

3.1 Convergence analysis

For now, we assume that the hard case #;, = 0 does not occur, and these issues will be addressed
later. In the following, we show that the step will eventually become a successful step, with a
large enough hy, and an upper bound of the auxiliary function h.

Apparently, we introduce the following arguments for a descent step.

Lemma 3.1. Suppose dr, satisfies (3.5b), then we have the following model decrease
C A he(OR) .
(dr) = F—=—lldk[l* = Qlld)- (3.6)

Proof. Note that from (2.5) and (3.5b), we have

[(xy) —

(di)" Hydy + || di||* + 267 diy = =04 — 1, < 0.

Then we have

A - 1 - - \/ ﬁk(f;k) A ﬁk(ék) A
mi(dy) — fzx) = of di + i(dk)Tdek + TH‘MP - THdkH3
A1 . - V()
< S+ 5 ()T Hidy + 2] = Y= G7)
1 V@) oo )
= *5(51@ + %) — THdkH < —Tlldkll



Also, since ﬁk(ék) > hmin, this completes the proof. O

Lemma 3.2. Suppose Assumption 3.1 holds, when the solution pair [; 1] of the HSODF sub-
problem satisfies (3.5a)-(3.5b), the auxiliary function hy, (0) has a upper bound

. . M2
hi(8) < ¢ := max {h0(§0)79 <§¢ + 2) } . (3.8)
Whenever the value of ﬁk(é) reaches this upper bound, the iterates will be successful. As a result,
we have
2 Sh
tr)? < . 3.9
( k) - "Y]% + Sn ( )

Proof. Notice f(zy, + dy) — f(xx) = f(zk + dy) — i (di) + mx(dp) — f(21), and

. . . 1T ~a hi(0k)
g (dy) — fzg +dy) = (dp — gr) T dy + idk (Hy — V2 f(x + &dy))dy + THdng
. M, - hi(Or)
> —gglldi|l® — 7Hdk:||3 + ——ld|?
hi(r) M .
=55 o | Il (3.10)

where ¢ € [0, 1]. Therefore, riv; (dy) — f(zx + di) > 0 holds as long as hy(5;,) > (& +¢,)2

Then the ratio py, follows,

flan) = flare) _ faw) — i(di) +mi(dy) = (@)

far) = my(dy)

mi(dy) — f (@ + di)
F(aw) — e (di)

Hence iteration & must be very successful, and we get the desired bound. If ﬁk(ék) — ¢y, then

o F(wx) — ma(dn)

=1+ > 1. (3.11)

pr — 1;1.e., it results in a successful iterate eventually. This implies (3.8). For (3.9), note that

rearrange the items and we have the result. O

Lemma 3.3. Suppose that Assumption 3.1 holds, drisa successful step, and also the inexact so-
lution pair satisfies (3.5a). Then we have

di]| > € (HVf(xk + d})H§> - (3.12)



Proof. From the second-order Lipschitz continuity of f, we have

IV f(zx + di)l| < |Vf(zp + di) — Hedy, — gill + | Hedy + orll + || o — grl

M, - - .
< 7\\dk|\2 + || Hidr, + onl| + <ol di]|?

M, - - . . . (3.13)
< SNkl 4 /(0011 + g I dill? + ol |*
M .
< <2 + S+ o + gr) | d||*.
The third inequality is from (3.5a). O

Next, suppose there exists negative curvature at the current iteration zy, i.e., A1 (Hy) < Q(—+/e),
we will show that the step can also bring enough decrease.

Lemma 3.4. Suppose the inexact solution satisfies (3.5¢), then we have
1
2/sh

ldll = —

A1 (Hy). (3.14)

Proof. Note that from (2.5¢), we have

Fi, + vl +exl =0,

thus it follows that
Ve =\ he (01 |1 |
> —Amin(Fr) — ek
> —Amin(Hy) — ex.

Combine it with (3.5c), we have

2/ i (S1) ||| = =M1 (H).
O

The above lemmas show that an inexact step satisfying Condition 3.1 guarantees descent prop-
erties as in the exact case, answering questions (a). For a correspondence, one can compare the
above lemmas with the exact case in [3, Lemma 3.1-Lemma 3.6]. The remaining analysis turns
out to be the same as that of the exact case.

Consequently, under assumptions on the quality of Ritz pair (Condition 3.1), we arrive at the
conclusion that the inexact adaptive HSODM has the same O(e~3/2) iteration complexity as the
exact version. We omit the proof since one simply replaces exact quantities with inexact ones
provided above.

Theorem 3.1. Suppose that the subproblem (3.3) is solved by the Lanczos method with an error tol-
erance e, < O(e'/?) and the approximated solution satisfies Condition 3.1. The adaptive HSODM
takes O (e~3/2) iterations to achieve a point xy, satisfying ||gx|| < O(€) and A\ (Hy) > Q(—1/€).



3.2 The complexity of bisection

The complexity rate cannot be established without the bisection method to locate J;. In this
subsection, we briefly check that the bisection method still works when using h instead of h.
We show the disparity between h and h can be measured by the quality of inexactness.

As we allow a tolerance of ¢ during the search procedure, we may connect the search interval
I, to the underlying exact [}, of hy. We denote Iy : [¢, V] as the target interval of fzk.

Before we start, we made the following assumption.

Assumption 3.2. For the homogeneous system (3.3), assume that there exists cr > 0 such that
the following holds
v Frv — A\ (Fy) > op. (3.15)

for some ||v|| = 1.

Note (3.15) holds without loss of generality if | Fy|| > ex; ad absurdum, the Lanczos almost
terminates immediately. The results below are from [7]. For completeness, we also provide
proof.

Lemma 3.5. Suppose that op := A2(F)) — A\ (Fg) > 0, then for the [ry; o] from (2.5), we have

llr; okl < O(Ver/or)- (3.16)
and if vy = [v1;t1] € S1(Fy), then,
[ox; E4] = [ors 1] < O(Vex/or). (3.17)
Proof. From (2.5), we have ) ) )
(dr)" Frdy, + llde||* = 0. (3.18)

We can write cik. = a1 + s, where s L vq. Since cfk is a unit vector, we have
o+ [|s]* = 1. (3.19)

Then from (3.18) we have

Ok + e, >~y = (di) T Fidy,
= —0p02 4 s Fys (3.20)
> 0o’ + (=0 + O'F)||SH2.

The second equality is obtained by expanding drpands L vy, It implies

Is]|? < == (3.21)
OfF

10



Thus we have A .
e = Frdi + yidy

= (Fx + 1) (avr + 5)
= a(y, — Op)vr + (Fr +il)s.
Thus from (3.21), we can bound the norm of the residual:

7kl < (O —vi) + [|(Fr +v)s||

< e + ||(Fk +’ka)

< aex + 2Up, /e—k.
oF

Where Uy denotes any upper bound of || Fy||. For the second part, note

ld = vall = \/lldi — v |

=V(l-a)+s,(1-a)+s)
= V2[ls|* < O(Vex/or).

Iy =
g

We now rewrite the auxiliary function in terms of ¢y,

hie(0k) =77 - g(Ek), hi(dk) = 03 - g(ts)

(3.22)

(3.23)

(3.24)

(3.25)

and denote g(t) = %; note the upper bound of #;, has been found in Lemma 3.2. Now we

locate hy, with a box interval of 4y, as follows.

Lemma 3.6. The auxiliary function hy, can be bounded both above and below by the function hy,

in the following manner:

(v +n)*”

~ 9 ~ ~
i (65) — hie(8) < ZTZek + 2\/5772”,“ — t| + o[t — )

k
and 5/2
2

N Ve S
hi(Ox) — hi(0) < 2\/%7( k ,ygh)

k

Proof.

hi(0r) = hie(0k) = 02g(tx) — Vg (Er)

= 0rg(tr) — veg(te) + vig(te) — vig(te)

= g(te) Ok + ) (O — &) + viig(fk)(tk —tr) + o([ty — tx])

dity
,ld A )
< 2g(tr)0ker + v dTg(tk) |tk — te| + o(|tr — tx])
k
d . . R
< 2g(tx)Oker + i Fg(tk) [tk — | + o[tk — tk]).
k

11

Iti — | + o([tk — t).

(3.26)

(3.27)

(3.28)



As for the part concerning ¢/(-), since ¢/(-) is monotonically increasing and #; has an upper
bound as in the previous analysis, we have

d . 2ty 2 3/2 , 4
dir (1= ()22 V' Sh (Wk §h) Yl

Again with (3.28) we have

vE+, )3/2

2
> S h . R
hi(0k) — hi(0r) < 27};% + 2\/§h(72|tk =t + o([tr — tkl).
k

Similarly, we have
hie (1) — hie(0k) = 29 () — 02g(ts)
= yrg(tr) — vig(te) +veg(tr) — Org(te)

< [wi‘fg@k)(tk i) + o (1t — )

dity
9 d . .
<Y |==9(tr)| - [te — tr| + o(|te — tr])
dty,
(V2 + <) 5/
< 24/sh, 7]{ |tk — tk| + (|tk — tk|)

"
O

To this end, the search procedure can be enabled if the inexactness of the Lanczos method is
sufficiently small. ~Since now the search process is based on hy,, denote the target interval
I, = [¢, v], we have the following corollary.

Corollary 3.1. Suppose that there exists an interval I n = ¢, v] such that ﬁk el n, then the interval
I, below where h;, € I, holds that

)3/2

M M

I l+2 e +2/<n tr — tr], v — 2v/sh

lte — til| -

Ignoring the high-order terms, a consequence of the above result is that if A (0;) & I, then
hi (%) € In. Aslong as the length of the interval I n is sufficiently large, the exact interval [,
will not be empty, and thus the bisection method is well-defined. Specifically, a nontrivial I}, is
guaranteed by allowing o as the length of I,.

Lemma 3.7. Suppose (3.5) hold and the length of the interval I being o, then the length of the

interval Iy, is at least 5.

Proof. Note that when (3.5) and (3.32) hold, we have

3/2 3/2
+ + 1 L
Mlm SN o (s My T PP
2 8 8

Vi k OF

2/

12



Combining the above facts with the length of I, we have the proof. O

Summarizing the above results, we have the following theorem.

Theorem 3.2. Atan iterate xy, suppose the subproblem (3.3) is solved to satisfy Condition 3.1 and
Condition 3.2 satisfied. Then the bisection method outputs some dy, such that ﬁk(ék) € I, within

tolerance o in at most i
0 <log (W)) (3.29)
hminU

iterations.

Proof. Combining all the above results, we notice that placing hy € I;, can be done implicitly by
trying fzk(ék) € I,. We let the bisection proceed if fzk.(ék.) ¢ I, which implies hi(6x) & Ip,. As
|I| > § is guaranteed from a I, of o, the bisection method has the same number of arithmetic
operations as in the exact case. O

3.3 Dealing with the hard case

Different from the method with exact eigenvalues, the inexactness of bisection procedure in-
tertwines with the hard case. When ;, = 0, the inexact hard case follows from (2.5a)-(2.5d),

(Hy +yd) o = 14, (3.30a)
Ok L g, oF O = o (3.30b)
Fy+ vl +epd =0, (3.30¢)

where #; = 0 no longer indicates that we get the exact value of \; (H},). We follow the same
perturbation treatment as in [3, Algorithm 3], while using the Ritz pairs. For completeness, we
present the method in Algorithm 2. We denote k as the current iterate, then the subsequent
iterates are denoted by i: k, k + 1, ..., k + ¢ and so forth.

Assume that ey, satisfies the following condition.

Condition 3.2. Suppose the Lanczos method is performed until the inexactness ey, satisfies

2 4
er < min %U, gI9F i 30 (3.32)
6. 256 (37 + 1)

While ¢, = 0 no longer induces the eigenpair of Hy, if 71, oy, is tolerable, vy, vy, still serves as an
approximation to the leftmost eigenpair of Hjy.

Lemma 3.8. Suppose that t;, = 0 occurs, we have

e < =M1 (Hy). (3.33)

13



Algorithm 2: Perturbation for the Hard Case

1 Input: Iterate k, x, € R", gy, Hy, Bk,l, 0x—1 Where g | Sy;
2 fori=0,1,... do

3 Set
2
. S N
Gry1 = Or + <Slgn(0k)izk) < Ok (3.31)
Compute [, := [LQ \/iLkJri,h L3 \/]Alqu,l];
4 repeat // inner iterates j via bisection (see ?7)
5 Obtain the solution [0+ ;; fkﬂ-?j] of the GHM subproblem

T ~
. v hi Grri | |V
min
lwstlli< [t [(drea)T Ongiy| |t

~ ~ ~ N 2
set dy+ij = Vktij/thtijs i 1= <0k+i,j/”dk+i,j”) ;

6 Update dy, j, increase j = j + 1

7 until ﬁkﬂ» € I, within tolerance o;

8 cikJrZ- = dAkJriJ'; Okti = 5k+i,j )

9 Compute

f@g + digi) — f(zn)
my(dryi) — f(zr)

Pk,i =

if Pk+i Z L1 then

10 break
1 end
12 end

Moreover, suppose that O, = awy + s, where vy is the eigenvector correspond to A\ (Hy), s L vy,
we have

a> j1- £ (3.34)
on = Aa(Hg) — A1 (Hg).
Proof. Multiply both sides of (3.30a) by v, and note that o, | 7y, we have
of Hide = —l|on 1,

which implies (3.33). To verify (3.34), just note that the previous lemma just tells us that

Is) < /2=,
OH

14



combine it with a2 + ||s||> = 1 and we have (3.34). O

In the exact case, for each of the following iterate i, we perturb ¢, based on the preceding
hik+i—1. When gradually increasing hy.;, we use the same bisection method indexed by j to
find 051, ;. We show that it will finally produce a successful iteration; once it does, it must satisfy
the Assumption 3.1. We show these goals can be achieved via Ritz vectors.

Lemma 3.9. Suppose at the k-th iterate t;, = 0 and the search interval of fzk+1 is [¢,v]. Then if
¢ is set according to (3.31), and inexactness measure ey satisfy

2
2l fhoulz + 2 (Joul + 252

2
2l + 2=

then the subsequent t;, 11 # 0, i.e., the hard case is eliminated.

ep+1 < e < , (3.35)

Proof. We prove by contradiction, suppose thatt;; = 0, denote 05411 = a3v1+5s1, by Lemma 3.8,
we have a; > /1 — % Then we have

2 T
) . SV - .
Df 1 Prg1 = (cbk + sign (o) Z,,k ’Uk> Vk41

AT A
Vg Vk+1

. Ta . %71%
= ¢}, Upy1 + sign(oy) i

2
N R R . S6Ve
OOk + OF (D1 — Op) + Slgn(ak)%vgvk-ﬁ-l

2
~ N . S N
=0 + ¢{(vk+1 — D) + sign(ox) ZZ’“ ’UIZ—"Uk_i_l

2
. S
=0+ ¢£(a1v1 +s1—avy —8)+ &gn(ak)%(aal + sTsl).

In the last line, we plug in 05411 = a1v1 + s1 and 9, = awvy + s. Using the fact that ex 11 < ey,
we have

< ’Y €k+1 €k
N Wl - O-H\/l - ||s||||s1||) ~llgelllI(ar — @) vr + 51— 5]

2
So7, €k41 €k €k+1
Zak+iy’“<\/1 o \/11/ Vo )||¢k|| (lox = | + [lsal + [Is]])
2 e e
>ak+<j’jk(1—2)—nmn(l—,/l—‘wz,/ =)
S
> oy, +Z%(1—2>—”¢k” <+21/0H>.

The last inequality is because of 1 — /1 — 22 < 2 for 0 < x < 1. Thus from (3.35) we know
that

|Op 1 Ort1| > O,

which contradicts t541 = 0. O
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We now show Algorithm 2 gradually produces ¢y 1 that satisfies Assumption 3.1.

Lemma 3.10. Suppose at the k-th iteration the hard case occurs, we perturb the gradient as in the
way (3.31) and find i1 such that ﬁk+1(5k+1) € [0,v] with eq < \/hmin”CZk-‘,-l , then at the
(k + 1)-th iteration, the following relation holds

lgr+1 — Pr+1ll < ’<3¢||dk+1||2~

Proof. We have already shown that t;11 # 0 in Lemma 3.9, thus dj; is well-defined, from
(3.30c) we know that

it O ) |disr | > =M (Frgr) — ergr > =i (Hi) — epsr.

Rearrange items we have

5 A1 (Hy) Vi
d > = s
Il > 217K > 2k,
since we do not update when a hard case occurs,
%’Y% 5 2
lgk+1 — k1l = llgk — Srall = o Solldr+1 ™

O

The rest is to show when the hard case occurs, the Algorithm 2 eventually produces a successful
iterate. The proof is same as in the original paper [3, Theorem 3.5], we omit it here.

Theorem 3.3. Algorithm 2 takes at most |log,, #j + 1 iterations to obtain a successful
k—1\0k—1

step. Furthermore, Assumption 3.1 must hold.

4 Conclusion

In this report, we discuss the complexity analysis of the inexact version of adaptive HSODM
[3, Algorithm 2]. The method allows inexact solutions in GHMs by the Lanzcos method. We
discuss the convergence analysis, bisection method, and the hard case in the inexact setting
based on Ritz vectors. All of the necessary elements in the exact case are replaced by their inexact
counterparts. We validate that the inexact adaptive HSODM has the same iteration complexity
as the exact version.
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